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1 Two-Component Fermi Gas: Hamiltonian

System Hamiltonian
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Single Particle Hamiltonian (no Trap):
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2M
� Vopt�r; t�

Spin-preserving optical Bragg grating:

Vopt�r; t� � 1

2
A cos�q � r �!t�; q parallel to x-axis

Scattering Hamiltonian�most general translationally invariant form
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2 E�ective Potentials

Only low energy features are important.

Contact Potentials

� Fermi: V�r; r0� � V��r � r0�

Requires a momentum cuto� and renormalization.

� Huang-Yang, Bruun-Castin-Dum-Burnett: V�r; r0� � V��r � r0�@RR; �R � jr � r0j�
Equivalent to a renormalized Fermi contact potential.
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� We �nd Bragg scattering is not renormalizable!

– Two kinds of Bragg scattering

1. Single particle Bragg scattering

2. Cooper pair scattering�new e�ect

� Amount of Cooper pair scattering sensitive to higher energy behaviour of the potential.

�) Depends (weakly) on the the renormalization cuto�.

As cuto� ! 1
Cooper pair Bragg scattering ! 0

�) Require a more accurate description than a contact potential.
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Separable potential (Yamaguchi, Köhler-Szyma�nska)

Approximate collisional interaction potential:

V�r; r0� � gF�r�F��r0�;

� F�r� has a �nite range � � with
R
F�r�d3r � 1:

� Fourier transform: f�k� �
R
F�r�e�ik�rd3r

� Momentum space potential: V �k;k0� � gf�k�f���k0�

� Strength parameter: g � T2B�0�

1 ��T2B�0�
; where � � M

�2��3~2

Z jf�k�j2d3k

k2

� Validity: Normally within a limited energy range around E � 0
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Parametrization of the Separable Potential

� Gaussian (Köhler-Szyma�nska):

f�k� � exp
�

�k2� 2
G=2

�
with �G � 57:383aBohr

� Step Function (our choice):

f�k� � Ò �kc � jkj� with kc � p
�=2�G � 31:1kF

0.05
0
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k

f(k)

Behaviour of solutions for large kc

� Strength parameter g now given by

g � T2B�0�

1 ��T2B�0�
; where � �

kc M

�2�2�~2

� T2B�0� �xed and negative �) g ! 0 as kc ! 1
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3 Mean-Field Approximation�Bogoliubov de Gennes Equations

Dominant collisional interaction described using mean-�eld pairings

�W��r; r
0; t� � h ̂y

��r; t� ̂��r
0; t�i; �Ñ�r; r0; t� � h ̂��r; t� ̂���r0; t�i:

Heisenberg equations of motion take the form

i~
@ ̂";#�r; t�
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Z
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Quasi-homogeneous approximation

� BCS correlation length � range of the collisional potential.

� Equal population densities of two states,

� Hartree �eld U�r� � gh y
"#�r� "#�r�i

� Pair function Ñ�r� � gh "�r� #�r�i

� Using separable form, mean-�elds become

W��r; r
0; t� � U�r; t�
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Bogoliubov Quasiparticle Representation
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k �r; t�

y
k"
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annihilation operators 
k�

h
y
k�
k0�i � �kk0��� �nk

h
k�
k0�i � 0

Fermi-function: �nk � 1
exp��k=kBT�� 1
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Time-dependent Bogoliubov de Gennes equations

� General form:

i~
@uk�r; t�

@t
� �H0 � ��uk�r; t��

Z
W�r; r0; t�uk�r

0; t�d3r 0 �
Z
Ñ�r; r0; t�vk�r

0; t�d3r 0

i~
@vk�r; t�

@t
� � �H0 � ��vk�r; t� �

Z
W�r; r0; t�vk�r

0; t�d3r 0 �
Z
Ñ��r; r0; t�uk�r

0; t�d3r 0

� Use appropriate separable potential forms for W; Ñ collisional interaction potential

� Reproduce the usual ground state BCS equations.
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