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Dissipative dynamics of cold atoms in optical lattices

• quantum optics with cold atoms



Cold atoms in optical lattices:
1. Coherent Hubbard dynamics

• Loading bosonic or fermionic atoms 
into optical lattices

• Atomic Hubbard models with 
controllable parameters
‣ bose / fermi in 1,2&3D
‣ spin models
‣ “AMO Hubbard toolbox”

kinetic energy:
hopping

interaction:
onsite repulsion

nonresonant 
laser

AC Stark shift band structure (1D) tunneling

optical lattice as array of microtraps

onsite 
interaction
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single band 
Hubbard model

“quantum simulators”

Jaksch, ... Gardiner ... 
PRL 1998



2. Dissipative Hubbard dynamics

BEC

• BEC as a “phonon reservoir”
‣ quantum reservoir engineering 

1D model

• master equation:
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α âα âα
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• coherent Hubbard dynamics • dissipative dynamics

Lindblad form
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Ĥ =!
q,α

εα
q

(
Âα
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✓ two band Hubbard model (1D)
✓ + Raman coupling

competing dynamics

‣ validity (as in quantum optics)
✓ interband transitions
✓RWA + Born + Markov

A. Griessner et al. PRL 2006; 
NJP 2007



2. Dissipative Hubbard dynamics

BEC

• BEC as a “phonon reservoir”
‣ quantum reservoir engineering 

1D model

• Caldeira-Leggett
‣ linear system-bath couplings, ohmic / superohmic
‣ quantum phase transitions in Josepshon Junction arrays
• polarons

• phonon mediated interactions

as opposed to ...

• master equation:
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â†α â
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α âα âα
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†Â1q. (4)

d

dt
ρ̂ =− i

h̄
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Why (controlled dissipation)?

• why? engineering reservoirs for ...
‣ dissipative quantum phase transitions / crossover
‣ ...
‣ applications: cooling etc. 

high-Tc superconductors

minimal model: two-dimensional one-band Hubbard model 

U

binding
energy

0.05

-0.05

(units of hopping t)

binding energy 4% of 
width of Bloch band

• Anderson (1987): ground state = resonating valence bond state  

Ĥ =− !
α "=β

Jαβ â
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“think quantum optics”

• driven two-level atom + spontaneous 
emission

|g〉

|e〉
! !

optical 
photon

atom
laser photon

• reservoir: vacuum modes of the 
radiation field (T=0)

• reservoir: Bogoliubov excitations of the 
BEC (@ temperature T)

BECBEC |0〉

|1〉
“phonon”

• trapped atom in a BEC reservoir

laser assisted atom + BEC collision

energy scale!

• optical pumping, laser cooling, ...
‣ purification of electronic, and 

motional states ?

Coherent Hubbard Dyamics
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Subrecoil (“dark state”) laser cooling

• “dark state” laser cooling: accumulate atoms near q≈0

• theory: Levy statistics approach (Cohen et al.)

excitation profile:

Levy statistics approach

• excitation profile and trapping region

R(q)∼ |q|λ

λ = 2 square pule

λ = 4 Blackman pulse

• time evolution
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2m
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n0(Θ)∼Θ1/λ

importance of cooling in AMO:

• enabling step for advances in AMO

• new physics

here: cooling within the Bloch band of an optical lattice

compare: sympathetic cooling

Levy flight approach

• trapping region

Levy statistics approach

• excitation profile and trapping region
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λ = 4 Blackman pulse
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Levy flight approach

• trapping region

Levy statistics approach

• excitation profile and trapping region

R(q)∼ |q|λ

λ = 2 square pule

λ = 4 Blackman pulse

• time evolution
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return times

T̂ (N) =
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iff λ > 1, then all atoms for Θ = T (N)+ T̂ (N)→ ∞ in cooling region

1
2

kBT =
δq2

2m
∼Θ−2/λ

n0(Θ)∼Θ1/λ

• laser cooling as a purification protocol

ρatom⊗ |vac〉〈vac|→ |ψatom〉〈ψatom|⊗ρBath

importance of cooling in AMO:

• enabling step for advances in AMO

• new physics

here: cooling within the Bloch band of an optical lattice

compare: sympathetic cooling

Levy flight approach

• trapping region

temperature
time

spontaneous photon:
recoil

laser

Raman subrecoil cooling (Kasevich and Chu) (see also: VSCPT Cohen et al.)

step 1: excitation & filtering step 2: diffusion



Raman cooling within a Bloch band

• step 1: (coherent)
quasimomentum selective 
excitation

Laser: square pulse sequence

Designing the required laser pulses

• goal: excite atoms with large |q| > 0 but do not couple to dark region q = 0.
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2
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2

Â0
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detuning δ q+δq j
≡ ω + ε1
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q−δ

square pulse

Pj(q) =
Ω2

j

(δ 2
q+δqj

+Ω2
j)

sin2
(√

δ 2
q+δqj

+Ω2
jτ j/2

)

• requirements: Ω# 8|J1|

• Note: relevant energy scale given by |J1| in the upper band

A. Griessner et al. PRL 2006; 
NJP 2007



Raman cooling within a Bloch band

• step 1: (coherent)
quasimomentum selective 
excitation

• step 2: (dissipative)
decay to ground band

A. Griessner et al. PRL 2006; 
NJP 2007



Model: 1. Coherent dynamics
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• Hamiltonian
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Â1

q
)† Â0
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Bloch band

Rabi freq.

collisional interactions

tune via scattering 
length

Bloch bands



Model: 2. “Spontaneous Emission”

BECBEC

spectrum of
Bogoliubov excitations

• BEC reservoir

• interaction: interband 0 - 1

ρ̇ =− i

h̄
[H,ρ]+L ρ

L ρ ≡!
α

γα
(
2cα ρc†α − c†αcα ρ−ρc†αcα
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ĤBEC =
∫

ψ̂†
b(r)

(
− h̄

2"2
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†
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√ρ0+δψ̂b
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ĤBEC = E0+ !
k $=0

ε(k) b̂†
k
b̂k (1)

where

b̂
†
k

and

b̂k

h̄k

ε(k)

Ĥint = gab

∫
ψ̂†
a(r)ψ̂a(r)ψ̂

†
b(r)ψ̂b(r)d

3
r (2)

gab = 4π h̄2aab/(2mr)

mr = (mamb)/(ma+mb)

ψ̂b =
√ρ0+δψ̂b

δψ̂b =
1√
V
!
k

(
ukb̂ke

ik.r+ vkb̂
†
k
e−ik.r

)
, (3)

uk =
Lk√
1−L2k

, vk =
1√
1−L2k

(4)

Lk =
εk− (h̄k)2/(2m)−mc2

mc2
. (5)

εk = [u2(h̄k)2+(h̄k)4/(2mb)2]1/2 (6)

c=
√
gbbρ0/mb

gbb = 4π h̄abb/mb

δ ρ̂ =
√

ρ0
V
!
k

(
(uk+ vk)b̂keik.r+(uk+ vk)b̂†ke

−ik.r
)

.

S(k,ω)

S(k,ω)1/2

Bogoliubov

ρ̇ =− i

h̄
[H,ρ]+L ρ

L ρ ≡!
α

γα
(
2cα ρc†α − c†αcα ρ−ρc†αcα

)
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BEC reservoir and interaction with the lattice atoms

• BEC-reservoir 3D homogeneous quantum gas: Nb particles of mass mb in vol-
ume V

Ĥb = ∑
k

Ekb̂†
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Bogoliubov excitation with momentum k and energy
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Ĥint = gab

∫
d3xψ̂†

a(x)ψ̂†
b(x)ψ̂b(x)ψ̂a(x)

ψ̂b(x) =
√ρb +

1√
V ∑

k
(ukb̂keikx + vkb̂†

ke−ikx)

uk =
1√

1−L2
k

, vk =
Lk√

1−L2
k

,

Lk = (Ek−k2/2mb−mbc2)/mbc2.

• intraband transitions
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Â0

q
)† Â1′
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“Spontaneous Emission”

BECBEC

• interband transitions spontaneous emission rate
‣ typical numbers

‣ tunability
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• interaction: intraband ...

BEC reservoir and interaction with the lattice atoms
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✓ no heating / cooling due to intraband transitions
✓ we ignore intraband processes in the following
✓ Rem.: validity of master equation ...

We can cool to temperatures lower than the BEC



Master equationMaster equation for decay

• ... in analogy with spontaneous emission (kBT ! h̄ω, i.e. T = 0)
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2
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• cases:

(1) kmax & π/d, i.e wavelength λ k = 2π/k shorter than lattice separation d.

(2) kmax < π/d.

• discussion:
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Results: single atoms

• Ground state q=0 momentum peak

• Quantum trajectory simulation of the master equation

Temperature: kBT=2J0(Δ q)2 Dark state occupation: n0(q=0)

Protocol:

• Laser pulses excite atoms |q| > 0 from the ground state |g1〉→ |g2〉, but leave
a "dark state region" |q|≈ 0 untouched

• Repumping to the ground state redistributes the momentum −h̄ks ≤ h̄q≤ h̄ks

• Repeat this cycle many times cleaning up all momenta |q| > 0

• Time square pulse sequence

Remarks:

• Feshbach resonance allows allows switching the spon-

taneous emission aab→ 0 "on" and "off"

• Atom in lowest Bloch band is not heated by collisions
with BEC reservoir (sympathetic heating) due superflu-
idity. This allows cooling to temperatures T << TBEC

Remarks:

• Feshbach resonance allows allows switching the spontaneous emission aab→
0 "on" and "off"

• Many bosons and fermion: Feshbach resonance allows aaa → 0 = non-

interacting atoms

• Typical temperatures kBT/4J0 ∼ 2×10−3 in t f J0 ∼ 50

• Analysis in terms of Levy flights

Laser: square pulse sequence

Results

4J0! kBT ! ω.



Many (non-interacting) bosonsMany bosons

• Assume: we can switch off interaction between bosons aaa → 0 with Fesh-

bach resonance; independent bosons

• Ground state cooling: q= 0 peak in momentum distribution

• Numerical analysis: Quantum Boltzmann master equation

• Bosonic enhancement of cooling

Temperature: Dark state occupation: n0(|qd|<0.06)
Many bosons

• Assume: we can switch off interaction between bosons aaa → 0 with Fesh-

bach resonance; independent bosons

• Ground state cooling: q= 0 peak in momentum distribution

• Numerical analysis: Quantum Boltzmann master equation

• Bosonic enhancement of cooling

13

and as = 20ab for 87Rb in the lattice and 23Na in the
reservoir.

V. MANY PARTICLE COOLING

In this section we will show how the cooling scheme can
be adapted to many bosons or fermions. In the case of
bosons we will make use of the tunability of interactions
and assume HI = 0, which can be achieved experimen-
tally, e.g., via a Feshbach resonance. Fermions will be
spin polarized, and thus s-wave interactions are forbid-
den due to Pauli blocking.

In the analysis of the cooling process we look at the
time evolution of the system in terms of classical con-
figurations wm of atoms occupying momentum states
m = [{m0

q}q, {m1
q}q] in the two Bloch bands, mα

q denotes
the occupation of momentum state q in Bloch band α.
The analysis for N atoms is done in two steps: Firstly,
for non-interacting atoms the action of the coherent exci-
tation steps on the occupations can be exactly calculated
from the Heisenberg equations (34) i.e., from the excita-
tion probability Pj(q) as

wm1
q

= Pj(q − δqj)wm0
q−δqj

, (38)

after the j-th excitation step.
The second step, the dissipative decay of excited lattice

atoms back to the lowest Bloch band is analyzed by us-
ing a quantum Boltzmann master equation (QBME) (see
[20]). The QBME is an equation for classical configura-
tions wm and can be derived from the master equation
(30) by projecting onto the diagonal elements of the den-
sity operator ρ̂, P ρ̂P =

∑
m wm |m〉 〈m|. We find (see

Appendix C)

ẇm =
∑

k,q

Γk

[
m0

q−k(1 ± m1
q)wm′ −m1

q(1 ± m0
q−k)wm

]
,

(39)

where m′ = m− eq−k,q and

eq−k,q = [0, ...0,
q−k
1 , 0, ...0,

q
−1, 0...0], (40)

the upper (lower) signs are for bosons (fermions).
In using a QBME for the description of the time evo-

lution of the system we neglect off-diagonal coherences.
We find that this only plays a role during the decay step
in the cooling protocol, the excited band occupations (di-
agonal of the density operator) can be exactly calculated
from the occupations in the lowest band during the ex-
citation step (see eq. 38). Off-diagonal coherences could
also be destroyed in a real experiment, e.g., by modula-
tion the lattice depth and thereby randomizing the off
diagonal elements. This is similar to the twirl in state
purification protocols (see [21]).

A. Results

1. Non-interacting bosons

For N non-interacting bosons, the T = 0 ground state
is the fully occupied q = 0 momentum state, as in the case
of a single atom so that we can use the same excitation
pulse sequences as above (c.f. Fig. 7). In Fig. 10a) we plot
temperature against time in units of J0 which we obtain
from monte carlo simulations (see [20]) of the QBME
eq. (39). Temperature here is calculated by a Gaussian
fit to the momentum distribution, excluding the central
peak. Cooling to similar temperatures as in the single
particle case can be obtained on shorter timescales for
many atoms. This is due to the bosonic enhancement
factor, which appears as the factor (1 + m0

q−k) in the
QBME (39). In Fig. 10b) we show the increase of the
central peak against time in units of J0.

2. Bosonic excitation profile with interactions

During the cooling scheme outlined it has been as-
sumed that the interactions between the atoms a is es-
sentially zero. In this section we exploit time-dependent
density matrix renormalization group (DMRG) methods
(see [22–24]) to determine the affects of interactions on
the excitation profile. This is done by simulating the
full two-band BHM Hamiltonian given in section III A
as Ĥ0 + ĤLS + ĤI in 1D at T = 0 temperature for
the duration of one coherent Raman pulse. We con-
sider the situation with all the interactions equal, i.e.
U00 = U01 = U11. To minimize the influence of box
boundaries we used M = 41 sites and an initial Fock
state of the form | 0 · · · 0111110 · · · 0〉 with N = 5 atoms
located at the centre of the system in the lower band.
Since Fock states have a flat equally occupied momen-
tum distribution they allow the excitation profile to be
determined by examining the final momentum distribu-
tion. A χ = 50 and an occupancy cut-off of n0

max ≤ 4
and n1

max ≤ 2 atoms per site for the lower and upper
band respectively (equivalent to = 15) was found to be
sufficient.

In Fig. 11a) the momentum distribution for the lowest
band n0(q) after the pulse has been applied are displayed
for a sequence of interaction strengths Uαα′/J0. For the
parameters chosen when Uαα′ = 0 the initially flat mo-
mentum distribution has a hole carved out at q = 4∆q,
where ∆q = 2π/Md. This demonstrates the selective
excitation of this momentum and crucially q = 0 is left
unchanged. As interactions are switched on the pulse
begins to distort the final momentum distribution from
this characteristic shape with a peak in the population of
momenta either side of q = 4∆q as well as an increase in
the population remaining at q = 4∆q itself. This latter
quantity provides a useful measure of the shape of the
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is the fully occupied q = 0 momentum state, as in the case
of a single atom so that we can use the same excitation
pulse sequences as above (c.f. Fig. 7). In Fig. 10a) we plot
temperature against time in units of J0 which we obtain
from monte carlo simulations (see [20]) of the QBME
eq. (39). Temperature here is calculated by a Gaussian
fit to the momentum distribution, excluding the central
peak. Cooling to similar temperatures as in the single
particle case can be obtained on shorter timescales for
many atoms. This is due to the bosonic enhancement
factor, which appears as the factor (1 + m0

q−k) in the
QBME (39). In Fig. 10b) we show the increase of the
central peak against time in units of J0.

2. Bosonic excitation profile with interactions

During the cooling scheme outlined it has been as-
sumed that the interactions between the atoms a is es-
sentially zero. In this section we exploit time-dependent
density matrix renormalization group (DMRG) methods
(see [22–24]) to determine the affects of interactions on
the excitation profile. This is done by simulating the
full two-band BHM Hamiltonian given in section III A
as Ĥ0 + ĤLS + ĤI in 1D at T = 0 temperature for
the duration of one coherent Raman pulse. We con-
sider the situation with all the interactions equal, i.e.
U00 = U01 = U11. To minimize the influence of box
boundaries we used M = 41 sites and an initial Fock
state of the form | 0 · · · 0111110 · · · 0〉 with N = 5 atoms
located at the centre of the system in the lower band.
Since Fock states have a flat equally occupied momen-
tum distribution they allow the excitation profile to be
determined by examining the final momentum distribu-
tion. A χ = 50 and an occupancy cut-off of n0

max ≤ 4
and n1

max ≤ 2 atoms per site for the lower and upper
band respectively (equivalent to = 15) was found to be
sufficient.

In Fig. 11a) the momentum distribution for the lowest
band n0(q) after the pulse has been applied are displayed
for a sequence of interaction strengths Uαα′/J0. For the
parameters chosen when Uαα′ = 0 the initially flat mo-
mentum distribution has a hole carved out at q = 4∆q,
where ∆q = 2π/Md. This demonstrates the selective
excitation of this momentum and crucially q = 0 is left
unchanged. As interactions are switched on the pulse
begins to distort the final momentum distribution from
this characteristic shape with a peak in the population of
momenta either side of q = 4∆q as well as an increase in
the population remaining at q = 4∆q itself. This latter
quantity provides a useful measure of the shape of the

Many bosons or fermions

• Assumption (bosons): Uαβ
aa ∼ aaa → 0 during cooling, i.e. noninteracting gas (...

and turn on after cooling)

• quantum Boltzman master equation (QBME)

QBME is a rate equation for wm ≡ 〈m |ρ |m〉 , i.e. classical configurations wm of
atoms occupying momentum states m = [{m0

q}q,{m1
q}q] in the two Bloch bands.

• excitation step
wm1

q
= Pj(q−δq j)wm0

q−δq j
.

• decay
ẇm = ∑

k,q
Γk

[
m0

q−k(1±m1
q)wm′ −m1

q(1±m0
q−k)wm

]
,

where m′ = m− eq−k,q and

eq−k,q = [0, ...0,
q−k
1 ,0, ...0,

q
−1,0...0],

the upper (lower) signs are for bosons (fermions).

We failed to apply DMRG 
type ideas because our 

temperatures are too low ☹



Many fermions

• Many spin-polarized (non-interacting) fermions

• Ground state: filled Fermi sea

Many fermions

• Typical temperatures kBT/4J0 ∼ 10−2 in t f J0 ∼ 500

• Slowing down due to Pauli blocking

Fermi Sea

Square Pulse

Blackman Pulse



Cooling for strongly correlated many body systems?

• Strategy (within our model): 
‣ step 1: perform cooling in absence of interactions (Feshbach)
‣ step 2: adiabatically ramp up interactions 
‣ ... seems to work well for examples studied (1D: DMRG a la Vidal ...)

• Question (within our model): cooling in the presence of interactions?
‣ answer: ☹

A. Griessner, A. J. Daley, S. R. Clark, D. Jaksch, and P. Zoller, 
Dark state cooling of atoms by superfluid immersion. 

Phys. Rev. Lett 97, 220403 (2006). 

A. Griessner, A. J. Daley, S. R. Clark, D. Jaksch, and P. Zoller,
Dissipative dynamics of atomic Hubbard models coupled to a phonon bath:

Dark state cooling of atoms within a Bloch band of an optical lattice.
New Journal of Physics, in print (2007)



... other recent work

• Cond mat & quantum information with cold polar molecules

• Addressable sub-wavelength optical lattices

electric dipole 
moment

• what’s new? ... electric dipole moment
– couple rotation to DC / AC microwave 

fields
– strong dipole-dipole / long range 

couplings

?
addressing (?)

λ/n
sub-wavelength



Cold polar molecules

electric dipole 
moment

• what’s new? ... electric dipole moment
– couple rotation to DC / AC microwave 

fields
– strong dipole-dipole / long range 

couplings



• Self-assembled “dipolar crystals” with cold polar molecules

induced & 
aligned dipoles 

d2
ind

R3

dipolar crystal:

H.P.Büchler, E.Demler, M.Lukin, A. Micheli, 
N.V.Prokof'ev, G.Pupillo, PZ, PRL (2007)

Quantum melting
- appearance of a crystalline phase
- quantum melting to a superfluid phase

Condensed matter aspects



• Self-assembled “dipolar crystals” with cold polar molecules

induced & 
aligned dipoles 

d2
ind

R3

dipolar crystal:

H.P.Büchler, E.Demler, M.Lukin, A. Micheli, 
N.V.Prokof'ev, G.Pupillo, PZ, PRL (2007) G. Pupillo, M. Ortner et al., work in progress

~100 nm

atoms in dipolar lattices:
Hubbard models + phonons

applications:

quantum information:
- memory
- ion-trap type quantum computing



H = −J
∑

〈ij〉

b†i bj +
1
2

∑

i #=j

Uijninj +
1
6!

∑

i #=j #=k

Wijkninjnk.

hopping tunable two-body 
interaction

strong repulsive off-site 
three-body interaction compare: string net

Fidkowski et al., 
cond-mat/0610583

H.P. Büchler, A. Micheli, PZ, preprint

Condensed matter aspects

• Extended Hubbard models in 1D and 2D in optical lattices

• Spin toolbox with cold molecules in optical lattices
YY

 ZZ
XX

Kitaev model

Hspin = J⊥ ∑
x−lks

σ i
xσ j

x + J⊥ ∑
y−lks

σ i
yσ j

y + Jz ∑
z−lks

σ i
zσ j

z

A. Micheli, G. Brennen, PZ, Nature Physics 2006



1D hard core Boson with three-body

 Bosonization
  
- hard-core bosons
- instabilities for densities:

- quantum Monte Carlo simulations
  (in progress)

n = 2/3

n = 1/3

n = 1/2

µ/W

J/W

Critical phase

- algebraic correlations
- compressible
- repulsive fermions  

Solid phases

- excitation gap
- incompressible
- density-density correlations  

- hopping correlations (1D VBS)

n = 2/3 n = 1/2 n = 1/3

〈∆ni∆nj〉

〈b†i bi+1b
†
jbj+1〉

H = −J
∑

i

[
b†i bi+1 + b†i+1bi

]
+ W

∑

i

ni−1nini+1


